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We study adiabatic pumping at a normal metal/class-D superconductor hybrid interface when
superconductivity is induced through the proximity effect in a spin-orbit coupled nanowire in the
presence of a tilted Zeeman field. When the induced order parameter in the nanowire is non-uniform,
the phase diagram has isolated trivial regions surrounded by topological ones. We show that in this
case the pumped charge is quantized in units of the elementary charge e and has a topological
nature.
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Introduction.— In a quantum system, the periodic
modulation of two (or more) independent parameters
may give rise to a dc flow of charge in the absence of any
applied bias voltage. This transport mechanism is known
as charge pumping [1–4]. When the period T of the mod-
ulation is much larger than any characteristic time scale
of the system, pumping is adiabatic and it is related to
the Berry phase accumulated during the cyclic evolution.
For a system coupled to leads the pumped charge can
be expressed (ignoring electron-electron interactions) in
terms of the associated scattering matrix [1, 5].
An interesting case, also in view of its metrological ap-
plications, is when the pumped charge is quantized (see
e.g. [6]). In these cases a careful estimation of any possi-
ble deviation from the quantized value is very important.
If, however, quantisation stems from topology, pumping
will be immune from errors and robust to unavoidable
perturbations (the recent discovery of topological insula-
tors has also lead to a topological classification for spin
pumps [7]).
The experimental realization of a topological charge
pump is thus of paramount importance both in fun-
damental and applied science. In his pioneering work,
Thouless [3] showed that quantized adiabatic pumping
(AP) can occur through one-dimensional insulating sys-
tems as a consequence of the topological properties of the
Hamiltonian, strictly related to the existence of gapless
points enclosed by the adiabatic pumping cycle in pa-
rameter space [8]. The same topological argument holds
even for a finite system attached to leads [9]. In this
work we find that topological charge pumping can be re-
alized in systems which are now intensively investigated
both from a theoretical and experimental point of view,
namely normal metal/class-D superconductor hybrid sys-
tems. As sketched in Fig.1, we consider a spin-orbit cou-
pled semiconductor nanowire in proximity to a s-wave
superconductor, subject to a Zeeman field and attached
to a normal lead on one end. This is the same setup,
proposed in [10], that has lead to the first evidence [11]
of Majorana modes in condensed matter [12].
When time-reversal symmetry is broken (i.e. the su-
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FIG. 1. (color online) Sketch of the system. A spin-orbit
coupled nanowire (NW) is subject to a tilted Zeeman field B
and in contact with a bulk superconductor (S) which induces
a pairing gap ∆. Due to the lateral superconducting contact,
the induced gap changes along the transverse direction y. On
one side, the wire is attached to a normal lead (N). A charge
Q is pumped through the NW-N interface by changing in
time the chemical potential (for example applying a time-
dependent voltage to the gate G) and the Zeeman field.
perconductor is in symmetry class D [13]) the topological
classification distinguishes two possible phases of the su-
perconductor [12, 14], depending on whether the system
supports or not mid-gap, Majorana, states. In Refs. [15–
17] it has been shown that when the Zeeman field is
aligned parallel to the wire (along, e.g., the x-direction),
the phase diagram as a function of chemical potential
µ and Zeeman field Bx can be divided into simply-
connected trivial/topological regions. In particular, since
the proximity effect is induced by contact with a bulk su-
perconductor from one side of the nanowire [11, 18–20],
the induced gap is not expected to penetrate uniformly
in the direction transverse to the wire axis. It rather de-
creases when one moves away from the side in contact
with the superconductor. As it will be shown in the fol-
lowing, the concomitant presence of a space-dependent
profile of the induced gap and a transverse component of
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2the Zeeman field has profound consequences on the phase
diagram that are crucial to the realization of topological
pumping in these systems.
Model of the nanowire.— The Hamiltonian of a
nanowire in proximity with a superconductor (see Fig.1)
reads
Hˆ =
∑
i,j,σ,σ′
hij,σ,σ′ cˆ
†
i,σ cˆj,σ′ +
∑
i
[∆(yi) cˆ
†
i,↑cˆ
†
i,↓+H.c.] (1)
with
hij = [(4t−µ)1+B ·σ] δij−[t1−iα(ν′ijσx−νijσy)] δ〈i,j〉 ,
where c†i,σ (ci,σ) creates (destroys) an electron at site i
with spin σ, δ〈i,j〉 restricts sites i and j to be nearest-
neighbors, σb (with b = x, y, z) are spin-1/2 Pauli ma-
trices, νij = xˆ · dˆij , and ν′ij = yˆ · dˆij , with dˆij being
the unit vector connecting site j to site i. In Eq. (1) t is
the hopping energy, α the spin-orbit coupling strength,
and µ the chemical potential. The only non-zero compo-
nents of the Zeeman field are Bx and Bz. We adopted
a tight-binding formulation as this will be used in the
numerical simulations. The pairing gap ∆ varies along
the y-direction (with 0 ≤ y ≤ W , W being the width
of the wire) because of the lateral contact to the bulk
superconductor. We have considered different profiles of
the pairing amplitude along the transverse direction [21],
but the picture we are going to illustrate does not depend
(to a large extent) on these details. The results presented
here refer to a semi-infinite nanowire coupled to a normal
electrode on one end. (We have found analogous results
for a nanowire of finite length, provided that the latter
is long enough so that the coupling between a Majorana
fermion and the normal lead is larger than the coupling
between the two Majorana fermions at the ends of the
nanowire.) The phase diagram of the model in Eq. (1)
is shown in Fig. 2. The most important feature to be
noted is that the topologically trivial regions (in white)
form isolated “islands” and the phase diagram is multi-
ply connected. This is one of the two factors enabling
topological pumping in our setup.
Since quasiparticle transport is strongly suppressed in
a sufficiently long superconductor due to the gap, the
charge Q pumped through the normal lead is obtained
from the evolution in time of the normal (ree) and An-
dreev (rhe) components of the reflection matrix r of the
hybrid system [22]:
Q =
e
2pi
∫ T
0
=mTr
[
dree(τ)
dτ
r†ee(τ)−
drhe(τ)
dτ
r†he(τ)
]
dτ .
(2)
Adiabaticity is achieved when T is much larger than the
quasiparticle dwell time inside the superconductor.
In what follows we first analyze the case of a single-
mode lead, showing that the pumped charge is topolog-
ical and quantized in units of the elementary charge e.
0.2 0.4 0.6 0.8 1.0 1.2
µ/t
0.2
0.3
0.4
0.5
0.6
0.7
0.8
B
x
/t
−pi
0
pi
FIG. 2. (color online) Color plot of the phase of the Andreev
reflection amplitude rhe as a function of the longitudinal Zee-
man field Bx and the chemical potential µ in the supercon-
ducting region. Inside colored regions the superconductor is
in the topologically non-trivial phase while inside white re-
gions rhe = 0 and the superconductor is in the trivial phase.
These results have been obtained with the following set of
parameters: W/a = 10, α/t = 0.26, and Bz/t = 0.08, where
a is the lattice constant. Inside the normal lead µ = Bx = 0
so that only a single mode is propagating.
We then show that this behavior can be understood from
simple arguments. Finally, we then demonstrate that
topological AP can be obtained, in a (topological) super-
conductor, even relaxing the constraint of a single open
channel in the lead by using a quantum point contact
(QPC) to couple the lead to the superconductor. More-
over, our results are robust against disorder.
Pumping in a single-mode lead.—We first consider the
situation in which the normal lead coupled to the su-
perconducting nanowire supports a single open channel.
The topological invariant N distinguishing topologically
trivial from non-trivial phases is related to the reflection
matrix r at the normal-metal/superconductor (NS) in-
terface according to N = det r [23]. For a single-mode
normal lead this reduces to N = |ree|2 − |rhe|2. When
the superconductor is in the topological phase (N = −1),
normal reflection is absent, ree = 0, and the mode is per-
fectly Andreev-reflected by the Majorana fermion at the
NS boundary, |rhe| = 1 [24, 25]. On the contrary, when
the superconductor is in the trivial phase (N = +1), the
mode is fully reflected (|ree| = 1). We have evaluated
the reflection matrix by using a method which combines
recursive Green’s function algorithms [26] with a wave-
function matching approach [27]. In Fig. 2 the supercon-
ductor is in the non-trivial phase (|rhe| = 1) inside col-
ored regions and the color coding depicts the phase of the
Andreev reflection amplitude as a function of Bx and µ
in the superconducting region. Inside the white regions
the superconductor is in the topologically trivial phase
and rhe vanishes. At the boundary of such white regions
the gap closes, signaling a quantum phase transition be-
tween topologically trivial and non-trivial phases. As a
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FIG. 3. (color online) Cumulative pumped charge q(t) (in
units of e) as a function of time t (in units of the pumping
period T ). The thick solid line refers to the leftmost elliptic
path in Fig. 2, while the thick dashed line to the rightmost
one. At the end of the cycle, the final pumped charge Q ≡
q(T ) is quantized.
consequence, the topological sector of the phase diagram
is non-simply connected and the elliptic paths marked
by white solid lines in Fig. 2 cannot be shrunk to a point
without crossing the phase boundary. As we shall see in
details below, it is the phase of the Andreev reflection
amplitude rhe that plays a crucial role in pumping.
We have computed the adiabatic pumped charge along
both paths shown in Fig. 2 by using a gauge-invariant
discretized form of Eq. (2). We modeled the evolution in
time of the pumping parameters as follows{
µ(t) = µ¯+ δµ cos (2pi t/T )
Bx(t) = B¯x + δBx sin (2pi t/T )
, (3)
where µ¯/t = 0.52, δµ/t = 0.195, B¯x/t = 0.43, and
δBx/t = 0.17 for the left path, while µ¯/t = 0.935,
δµ/t = 0.245, B¯x/t = 0.53, and δBx/t = 0.22 for the
right one. Experimentally, this evolution could be re-
alized by properly designing metal gates and coils to
introduce time-dependent gate voltages and magnetic
fields acting only on the superconducting section of the
nanowire.
In Fig. 3 we show our numerical results for the cu-
mulative pumped charge q(t) defined as in Eq. (2) with
the integral running from 0 to t. The solid (dashed) line
refers to the leftmost (rightmost) path in Fig. 2. The to-
tal pumped charge in a cycle Q ≡ q(T ) is strictly quan-
tized and equal to 0 and −2 e, respectively. It should be
clear that the value of the pumped charge is topological,
i.e. it does not change under smooth deformations of
the pumping path in parameter space. We have verified
that topological pumping occurs in different parameter
ranges or with different profiles of the pairing amplitude.
We have noticed that Q/e can assume any integer value,
even or odd, depending on the details of the system under
consideration.
Origin of the topological pumping. — We shall now
show that the presence of a single transmitting channel
at the interface between the normal electrode and the
superconducting wire is the second key to obtain topo-
logical pumping. In this case the pumped charge can be
expressed in an elegant simple form. When the super-
conductor is in symmetry class D and the normal lead
supports a single mode, the reflection matrix reduces to
a single amplitude, i.e. a quasiparticle can undergo either
normal or Andreev reflection. Unitarity of the scatter-
ing matrix requires that the corresponding amplitude is
a phase factor eiβ [24, 25]. The pumped charge is then
given by
Q = ± e
2pi
∫ T
0
dβ
dt
dt = ±eβ(T )− β(0)
2pi
= ±ne , (4)
where the upper (lower) sign is for normal (Andreev)
reflection and n is an integer since scattering amplitudes
must be single-valued.
If the phase diagram in parameter space is simply con-
nected and the pumping path can be continuously con-
tracted to a point, the integer n must be zero. On the
contrary, if the phase diagram is non-simply connected
and the pumping path, running in the topological phase,
encloses a non-topological region, no restriction is en-
forced on n. Therefore the adiabatically pumped charge
can, in principle, be topological, in the sense that any
continuous deformation of the pumping path in parame-
ter space does not change the integer n [28]. As shown
above, n is in general different from zero for the setup de-
scribed in Fig. 1, thus proving that topological pumping
of finite charge does occur for such systems.
From Fig. 2, we note that the phase of rhe is nearly
constant throughout parameter space with the exception
of “stripes” connecting different non-topological (white)
regions, across which the phase winds by approximately
2pi [29]. When the pumping path coincides with non-
contractible elliptic paths of the type shown in Fig. 2,
these resonant stripes, according to Eq. (4), contribute
by roughly e to the pumped charge Q. The topologi-
cal nature of pumping stems from the fact that it is not
possible to deform the contour in order to avoid the cross-
ing of the resonant stripes without intersecting the phase
boundary lines.
QPC geometry.—We now show that topological AP
can be achieved in a more realistic situation in which
the number of open channels in the normal electrode is
arbitrary (so that ree and rhe become matrices) but a
QPC restricts the number of modes incident on the NS
boundary (see inset in Fig. 4). The QPC consists of a
saddle-point constriction [24, 30] at a distance d from
the NS interface (see Fig. 4). When the pinch-off poten-
tial of the QPC is chosen so that only a single mode is
transmitted, it is possible to prove (we assume the super-
conductor to be in the topological phase) that the matrix
rhe changes in time only through a global phase factor
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FIG. 4. (color online) Cumulative pumped charge q(t) (in
units of e) as a function of time t (in units of the pumping pe-
riod T ) in the presence of a QPC at a distance d = 60 a from
the NS interface. At the end of the cycle the final pumped
charge Q ≡ q(T ) is quantized. Results for different trajecto-
ries in parameter space are denoted with distinct line styles.
The following set of parameters has been adopted: W/a = 10,
α/t = 0.15 and Bz/t = 0.1. In the inset we have sketched the
setup with a QPC at a distance d from the NS boundary
in order to restrict the number of propagating modes. In
simulations with disorder, random potential fluctuations are
considered in a region L > d inside the normal lead before
the NS interface.
while ree remains constant, so that the pumped charge
in a cycle is still quantized [29].
This is confirmed by the numerical results in Fig. 4,
which show the charge pumped along three different non-
contractible paths. The pumping parameters Bx and µ in
the superconductor follow the time evolution in Eq. (3),
while in the normal lead we fix Bx ≡ B¯x and µ ≡ µ¯.
The three curves in Fig. 4 simply differ in the values of
B¯x, δBx, µ¯, and δµ, which identify the pumping paths
through Eq. (3).
The pumped charge Q is quantized to integer multiples
of e. As in the case of a single-mode lead, the value of Q
can be interpreted as the result of contributions from the
crossing of resonant stripes which gives rise to a twist of
the global phase of rhe by ∼ 2pi (data not shown). Each
time the system crosses a resonant stripe approximately
a charge e is pumped in the normal lead, corresponding
to the step-like features in Fig. 4. When the distance d
is varied, the interference pattern changes in such a way
that resonant stripes could come in/out of the way of the
pumping path. We have noticed that, although the value
of Q/e can vary, it is always strictly quantized to integer
values and the parity of Q/e is conserved.
We have also investigated the effect of disorder in the
QPC by introducing a random on-site potential in a re-
gion of length L (> d) on the left of the NS interface
(see Fig. 4). Fluctuations of the on-site energy lie in the
interval [−Udis/2, Udis/2]. We have noticed that quanti-
zation of the pumped charge is almost exactly preserved
up to large values of the disorder strength (Udis/t ≈ 5−6)
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FIG. 5. (color online) Histogram of the pumped charge
Q/e obtained for 100 disorder realizations with L/a = 200,
d/a = 140, and Udis/t = 0.5. Light gray (red) and dark gray
(blue) bars refer to two different sets of parameters and dis-
tinct pumping paths. We notice that although the value of Q
depends on the disorder configuration, it is always quantized
and its parity is preserved.
provided that a single mode is transmitted through the
QPC (see Fig. 4). As shown in Fig. 5, the details of
the specific disorder configuration affect the value of the
pumped charge but, given the system parameters and the
pumping path, the parity of Q/e is insensitive to smooth
changes of the Hamiltonian.
Conclusions – We have shown that topological adi-
abatic pumping occurs in a class-D superconducting
nanowire connected to a metallic lead on one end. This
happens when the lead supports a single propagating
mode or the nanowire is coupled to the lead through
a quantum point contact. The necessary condition to
achieve a topological pumped charge is that the phase di-
agram presents a non-simply connected structure, where
isolated non-topological regions are surrounded by con-
nected topological ones. This is possible by allowing
both a non-uniform pairing amplitude and a tilted Zee-
man field. Non-contractible pumping paths in parameter
space can thus be identified within the topological phase.
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SUPPLEMENTAL MATERIAL
This section contains technical details and numerical
results relevant to the main text.
Resonant stripes in the phase of Andreev reflection
According to Fig. 2 of the main text, the phase of rhe is
almost constant throughout the parameter space with the
exception of stripes connecting different non-topological
(white) regions, across which the phase winds by approx-
imately 2pi. When the pumping path coincides with non-
contractible elliptic paths of the type shown in Fig. 2,
these resonant stripes, according to Eq. (4) in the main
text, contribute by roughly e to the pumped charge Q.
Along the rightmost path both resonant stripes give rise
to a counterclockwise rotation of the phase of rhe so that
their corresponding contributions sum up to −2e. Along
the leftmost path the winding of the Andreev reflection
amplitude phase across the resonant stripes is opposite
and the total pumped charge vanishes.
The scattering approach we are using does not allow
to address the direct role of Majorana fermions in the
pumping mechanism. Nevertheless, we notice that the
resonant stripes are associated with a narrowing of the
Majorana-induced zero-energy resonance in the Andreev
reflection, distinctive of the non-trivial phase [1, 2]. This
is shown in Fig. S1 where we plot |rhe|2 (proportional
to the differential conductance of the NS interface) as a
function of energy. Different curves are reported (and
offset for clarity) for several values of Vx at fixed µ/t =
0.32, corresponding to points along the dashed segment
in Fig. 2.
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FIG. S1. (color online) Andreev reflection |rhe|2 as a function
of energy E for several increasing values of the longitudinal
Zeeman field, 0.3 ≤ Vx/t ≤ 0.42, at fixed µ/t = 0.32 (see
dashed line in Fig. 2 of the main text). Different curves have
been offset for clarity. The color coding is associated with the
phase of rhe at zero energy as in Fig. 2.
Pumped charge quantization in the presence of a
QPC
In this section we shall prove that when the QPC
pinch-off potential is such that a single mode is com-
pletely transmitted, the pumped charge is still given by
Eq. (4) of the main text, and therefore is quantized. We
write the scattering matrix of a symmetric QPC as
sQPC =
(
r t
t r
)
. (S1)
The “orthogonality” relation between the reflection and
transmission sub-blocks
r†t = 0 (S2)
ensures that each mode is either completely transmitted
or reflected. Indeed, making use of the unitarity of the
scattering matrix sQPC, we find
0 = (r†t)†r†t = t†
(
1 − tt†) t = t†t (1 − t†t) , (S3)
yielding that the eigenvalues Tn of the Hermitian matrix
t†t are either 0 or 1. In addition, from (S3), we have
that t†t = (t†t)2, i.e. the matrix t†t is a projector on the
subspace spanned by the modes which are trasmitted.
In particular, when the QPC is open only for a single
mode, Tn = δn,1, we have that t
†t ≡ |1〉 〈1|, |n〉 〈n| being
a projector on the n-th eigenstate of t†t. The last equality
is satisfied by setting
t =
∑
n
χn |n〉 〈1| with
∑
n
|χn|2 = 1 . (S4)
By combining the scattering matrix of the QPC in
Eq. (S1) with the Andreev scattering matrix sA at the
NS interface [3] we obtain the normal reflection matrix
ree = r + tBt , (S5)
and the Andreev reflection matrix
rhe = t
∗At , (S6)
where A and B are in general complicated operators [4].
Unitarity of the scattering matrix requires that
rtheree + r
t
eerhe = 0 . (S7)
From equations (S4)-(S5) we find that
rtheree = t
tAtt† (r + tBt) = ttAt |1〉 〈1|Bt
= |1〉 〈1|
(∑
m
χm 〈1|A |m〉
)(∑
n
χn 〈1|B |n〉
)
= ttBt |1〉 〈1|At = (rt + ttBttt) t∗At
= rteerhe (S8)
so that Eq. (S7) leads to rtheree = 0. This means that
each mode is either completely reflected or Andreev re-
flected. Indeed, exploiting the unitarity and particle-hole
symmetry of the reflection matrix, we have
0 = r†her
∗
ee(r
†
her
∗
ee)
† = r†he(1 − rehr†eh)∗rhe
= r†he(1 − rher†he)rhe = r†herhe(1 − r†herhe) . (S9)
In addition the condition rtheree = 0 requires that(∑
m
χm 〈1|A |m〉
)(∑
n
χn 〈1|B |n〉
)
= 0 . (S10)
As we shall see below the first factor must be different
from zero when the superconductor is in the topologically
non-trivial phase and consequently we need to have∑
n
χn 〈1|B |n〉 = 0 . (S11)
Thus, the normal reflection matrix coincides with the
reflection matrix of the QPC. Indeed
ree = r + tBt
= r +
∑
m
χm |m〉 〈1|
(∑
n
χn 〈1|B |n〉
)
= r . (S12)
As a consequence ree does not depend on time and does
not contribute to the pumped charge.
As far as the Andreev reflection matrix is concerned,
with the help of Eq. (S4) we find
rhe =
∑
n
ψn |n〉 〈1| , (S13)
with
ψn = χn
[∑
m
χm 〈1|A |m〉
]
, (S14)
7so that
r†herhe =
[∑
n
|ψn|2
]
|1〉 〈1| . (S15)
From the discussion above we know that
∑
n |ψn|2 is ei-
ther exactly 0 or 1. On the other hand, when the super-
conductor is in the topological phase the Andreev reflec-
tion matrix can not vanish [5] and thus the Hermitian
matrix r†herhe must be a projector on the transmitted
mode |1〉 (∑n |ψn|2 = 1). As a consequence, rhe defines
through Eq. (S13) a vector ψ with components ψn ∈ C
such that ψ†ψ = 1. During the adiabatic evolution, the
coefficients χn are fixed and ψ can change only through
the global phase factor
eiϕ =
∑
m
χm 〈1|A |m〉 . (S16)
Reminding that the reflection matrix does not depend on
time, with the help of Eq. (S13) the pumped charge is
given by
Q = − e
2pi
∫ T
0
=mTr
[
drhe(t)
dt
r†he(t)
]
dt
= − e
2pi
∫ T
0
=m
∑
n
ψ∗n
dψn
dt
dt (S17)
= − e
2pi
∫ T
0
=m
[
ψ†
dψ
dt
]
dt = − e
2pi
∫ T
0
dϕ
dt
dt = −en ,
so that the pumped charge in a cycle is quantized.
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